
If the distribution of mass is onsidered, there are three di�erent on�gurations that we an all triangle. Zero-

dimensional triangles onsist of three non-ollinear pointlike objets of �nite masses. Three thin rods of uniform mass

distribution form a one-dimensional triangle. Finally, a two-dimensional triangle is a thin triangular sheet of uniform

mass distribution. It is true for eah of the three types of triangle that if it is situated on the surfae of the Earth and

its size is small relative to the radius of the Earth then its entre of gravity oinides with its entre of mass.

In geometry, the entroid of a triangle is the point where the medians interset. The entroid is related to the

onept of the entre of mass, but they are not the same. In physis, it makes a di�erene whether the triangle is zero,

one- or two-dimensional.

In order to �nd the entre of mass of a zero-dimensional triangle, the entre of mass of two point masses is found

�rst (i.e. the point that divides the line segment joining them in an inverse ratio to the masses); then by assuming that

the total mass of the two points is onentrated at that point, the entre of mass of that point and the third point is

loated. In that ase, depending on the three masses, the entre of mass of the triangle may be anywhere inside the

geometrial triangle formed by the three points. The entre of mass only oinides with the entroid if the masses of

the three points are equal.

The entre of mass of a two-dimensional triangle an be determined by a similar proedure based on utting up

the triangular plate into narrow bands. The details an be found in physis books. In this ase, too, the entre of mass

is found to oinide with the entroid of the geometrial triangle.

The ase of the one-dimensional triangle made up of thin rods, however, is not so simple. Sine ompetition

problems in physis often feature triangles onstruted out of this rods, stiks or wires (see the Hungarian National

Competition of the year 2000/2001), let us investigate this type of triangle in greater detail.

Consider a triangle that onsists of suh rods of uniform ross-setional area, equal density and uniform mass

distribution. Let the lengths of the sides be a = BC, b = CA and c = AB where a ≥ b ≥ c (Figure 1 ). The proedure

of �nding the entre of mass an be redued to the zero-dimensional ase. The entre of mass of eah side (rod) is at

its midpoint, and the orresponding mass is proportional to the length of the side. Thus we an assume that there

is a mass of k · a at point D, a mass of k · b at point E, and a mass of k · c at point F . The entre of mass of the

resulting zero-dimensional triangle oinides with that of the original one-dimensional triangle. The entre of mass of

the masses at E and F is the point G of the line segment EF that divides EF in inverse ratio to the masses, that is,

GF

GE
=

k · b

k · c
.

The right-hand side of the proportion an also be written in the form

b

2
:
c

2
, whih means that G divides EF in the

ratio of the length of the side DF of the triangle DEF to side DE. This is the ratio in whih the bisetor of the angle

at D divides the opposite side, hene the line DG bisets the angle DEF .

Thus the entre of mass of the zero-dimensional triangle DEF lies on the angle bisetor DG. Sine we ould have

also started with the point masses k · a and k · c onentrated at the points D and F , and obtained that the entre of

mass of the zero-dimensional triangle DEF lies on the angle bisetor of the angle at C, the entre of mass must be

the intersetion of the angle bisetors, that is, the entre of the insribed irle of the triangle DEF .

Therefore, the entre of mass of the one-dimensional triangle is not the entroid de�ned in geometry but the entre

of the insribed irle of the triangle of midlines.

It is also known from geometry that the entroid of a triangle is losest to the longest side. It an be shown that

the entre of mass of the one-dimensional triangle is also losest to the longest side. What is more, we shall prove

below that the entre of mass of the one-dimensional triangle is loser to the longest side (if there is a longest side)

than the intersetion of the medians of the triangle, i.e. the entroid de�ned in geometry, and the two distanes are

only equal if the triangle is equilateral.
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Figure 2 shows two medians (AD and CF ) of the triangle ABC, the entroid Sg, and the altitude DT = FX
drawn to the longest side of the triangle of midlines. It is known from geometry that the radius of the inirle of the

triangle DEF is r = t/s where t is the area of the triangle and s is half the perimeter. Thus

t =
a
2
·DT

2
=

a ·DT

4

where DT if the altitude drawn to the longest side EF =
a

2
, and

s =
a
2
+ b

2
+ c

2

2
=

a+ b+ c

4
.

We have seen that the entre of mass of the original one-dimensional triangle ABC is at a distane of DT − r from

the longest side BC. The distane of the entroid from the same side is

2

3
·XF =

2

3
·DT , sine medians divide eah

other in a 1 : 2 ratio. We state, therefore, that DT − r ≤
2

3
·DT . To prove this, substitute the expression

r =
t

s
=

a ·DT

a+ b+ c

obtained above into the left-hand side of the inequality. Dividing both sides by the non-zero quantity DT , we obtain

that 1−
a

a+ b+ c
≤

2

3
. Sine a is the longest side of the triangle, the value of the left-hand side is at most

2

3
. Equality

only ours if a = b = c, that is when the triangle is equilateral. That ompletes the proof.

It an be proved similarly that the entre of mass of the one-dimensional triangle is farther away from the shortest

side c than the entroid. As for the middle side b, the entre of mass of the one-dimensional triangle may be farther

away or loser than the entroid, or the two distanes may even be equal if b = (a + c)/2. That was the ase in

problem 4, ategory II of the Hungarian National Competition in Physis, 2000/2001. Here is the problem:

The sides a, b, c of a right-angled triangle are thin rods of the same material, with rigid joints at the verties. The

triangle is in a vertial plane, its side b lying on a horizontal surfae. The triangle falls from this unstable equilibrium.

a) Find the speed of the vertex B when it strikes the horizontal surfae, given that the triangle does not slide while

falling. (The triangle an turn without frition about the �xed side b.)
b) Where and with what speed would the vertex B strike the horizontal surfae if the side b were free to slide and

all frition were negligible? (a = 30 cm, c = 50 cm.)

A lot of solvers assumed automatially that the entre of mass was at the entroid. That was wrong. The entroid

is at a distane of 10 m from the side b = 40 cm. The true entre of mass of the triangle does not oinide with the

entroid, but its distane from the side is also 10 m. That is why this prinipal error did not in�uene the result

of further alulations. The oinidene ourred beause the length of b happened to be the arithmeti mean of the

other two sides. If the longest side c = 50 cm had been lying on the plane, the onfusion of the entroid and the true

entre of mass would have aused a numerial error, too (they would have alulated with 8 m instead of the orret

distane of 7 m).

An interesting generalization of the problem is obtained by onsidering a zero-dimensional tetrahedron of four

point masses, a one-dimensional tetrahedron onstruted out of thin rods, a two-dimensional one made of thin plates,

and �nally a solid three-dimensional tetrahedron. Finding the entres of mass of these on�gurations is left to the

reader as an exerise.
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